UNIVERSAL TREE-GRADED SPACES AND ASYMPTOTIC CONES 
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Abstract. We define and give explicit construction of a universal tree-graded space with a 
given collection of pieces. We apply that to proving uniqueness of asymptotic cones of rela- 
tively hyperbolic groups whose peripheral subgroups have unique asymptotic cones. Modulo 
the Continuum Hypothesis, we show that if an asymptotic cone of a geodesic metric space is 
homogeneous and has cut points, then it is the universal tree-graded space whose pieces are max- 
imal connected subsets without cut points. Thus it is completely determined by its collection 
of pieces. 



1. Introduction 

Tree-graded spaces were introduced by Drutu and the second author in [8]. These are geodesic 
metric spaces equipped with a collection of connected subsets, called pieces, such that every two 
pieces intersect by at most one point and every simple closed loop is contained in one piece. 
It turned out that tree-graded spaces occur very often as asymptotic cones of groups. In fact 
every geodesic metric space with cut points has a natural tree-graded structure: the pieces are 
maximal connected subspaces which have no their own cut points [8, Lemma 2.31]. (Recall that 
a point s of a geodesic metric space S is a cut point if § \ {s} is not path connected). 

It is proved in [lOj Section 3] that a group has cut points in its asymptotic cones if and only if 
the divergence function of this group is super-linear. Asymptotic cones of relatively hyperbolic 
groups [BJ , mapping class groups [1] , many right angled Artin groups [2] have natural tree-graded 
structures. In addition, it is shown in [HJ Section 7] that any "sufficiently nice" metric space 
(e.g., compact and locally contractible) appears as a piece in the tree-graded structure of some 
asymptotic cone of a finitely generated group. In |17l Section 4], it is proved that asymptotic 
cones of lacunary hyperbolic groups given by presentations satisfying certain forms of small 
cancelation have tree- graded asymptotic cones. 

Existence of a tree-graded structure in asymptotic cones of a group G can be used to prove 
some rigidity results. The approach is based of a similarity between the theory of groups acting 
on tree-graded spaces and that of groups acting on R-trees. In particular, it helps answering 
questions about the number of pairwise non-conjugate homomorphisms from a group T into 
G [9], the size of Out(G), and whether G is Hopfian or co-Hopfian [9]. In [H |5], the tree- 
graded structure of asymptotic cones of mapping class groups helped proving that a group with 
property (T) (and even much weaker properties) has only finitely many pairwise non-conjugate 
homomorphisms into a given mapping class group. 
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In this paper, we use the tree-graded structure of asymptotic cones to address the question 
about uniqueness of asymptotic cones of a group. It is now well known [25] that a finitely 
generated group may have several non-homeomorphic asymptotic cones. The same is true for 
finitely presented groups [18]. In [15], it is shown that provided the Continuum Hypothesis (CH) 
is true, the total number of non-isometric asymptotic cones of an arbitrary finitely generated 
group is at most continuum, while if CH is not true, there exists a finitely presented group with 
2 2 pairwise non-homeomorphic asymptotic cones. There exists a finitely generated group with 
continuum pairwise non-7Ti-equivalent asymptotic cones [8], Theorem 7.37] regardless whether 
CH is true or not. On the other hand, all asymptotic cones of a finitely generated nilpotent 
group are bilipschitz equivalent and even isometric if the set of generators is fixed [21[ |6] , and the 
asymptotic cones of all non-elementary hyperbolic groups are isometric to the universal M-tree, 
that is the complete K-tree with branching number continuum at every point [16j . An explicit 
construction of that tree is presented in [12] . 

In order to present the main results of the paper, we need the following definition. 

Definition 1.1. Let Q be a collection of geodesic metric spaces. We say that a geodesic metric 
space § is a Q-tree if § is tree-graded [SJ Section 1] with respect to pieces isometric to elements 
of Q. If elements of Q are without cut points, then Q-trees are precisely the geodesic metric 
spaces S where every maximal connected subset of § without cut points is isometric to some 
Q € Q. S 

Let us point out that all metric spaces considered in this paper are of sizes at most continuum 
and we shall sometimes omit this condition. 

We say that a Q-tree is universal if for every point s € S, the cardinality of the set of 
connected components of § \ {s} of any given type (for the definition of type see Section [5]) is 
continuum. This notion generalizes the notion of universal ]R-trees studied by Mayer, Nikiel, 
and Oversteegen [16] as well as Erschler and Polterovich [12], where pieces are points and all 
connected components of S \ {s} are of the same type. A discrete version of Q-trees was also 
studied by Quenell |22j . 

Theorem 1.2. Let Q be a collection of homogeneous complete geodesic metric spaces. Then the 
following hold. 

(1) There exists a universal Q-tree. 

(2) Every Q-tree of cardinality at most continuum embeds into a universal Q-tree. 

(3) Every two universal Q-trees are isometric. 

In fact, the isometry in part (3) of the theorem preserves the tree graded structure (i.e., maps 
pieces to pieces). A priori this is not obvious since tree graded structures on metric spaces are, 
in general, not unique. 

We present an explicit construction of the universal Q-tree, using the notion of the tree product 
of metric spaces similar in spirit to the construction in |12j . 

Theorem 1.3. Let G be a finitely generated relatively hyperbolic group. Then for every non- 
principal ultrafilter uj and every scaling sequence d = (di), the asymptotic cone Con^G, d) is 
bi-Lipschitz equivalent to the universal Q-tree, where Q consists of asymptotic cones of peripheral 
subgroups with respect to uj and d. 



One can also define a category of Q-trees in a natural way, including the collection of pieces as a part of the 
structure of objects and defining morphisms as maps preserving the structure, but that is not used in this paper. 
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The following two corollaries follow from Theorem 11,31 and Lemma 16.41 

Corollary 1.4. Let G\ and G2 be two finitely generated relatively hyperbolic groups with the 
same set of isomorphism classes of peripheral subgroups. Then for any fixed ultrafilter oj and 
scaling sequence d, the asymptotic cones Coxi^{Gi,d) is bilipschitz equivalent to Con w (Gi, d). In 
particular, the sets of asymptotic cones of G\ and G2 coincide. 

Example 1.5. Let G be the fundamental group of a hyperbolic knot complement. Then it is 
hyperbolic relative to a free abelian subgroup of rank 2 |144 [13] and all asymptotic cones of 
G are bi-Lipschitz equivalent to the universal {M 2 }-tree. The same holds, say, for asymptotic 
cones of (Z x Z) *Z. Similarly, every non-uniform lattice in SO(n, 1) is relatively hyperbolic with 
respect to finitely generated free Abelian subgroups Z n_1 , hence their asymptotic cones are all 
bi-Lipschitz equivalent to the asymptotic cones of Z n_1 *Z and are bi-Lipschitz equivalent to the 
universal {M n_ " 1 }-tree. More generally, every non-uniform lattice T in a rank 1 semi-simple Lie 
group is relatively hyperbolic with respect to nilpotent subgroups [141113]. The asymptotic cones 
of a nilpotent group are homeomorphic to M. k for some k [21]. Hence every asymptotic cone of 
r is homeomorphic to the universal {M fc }-tree, where k + 1 is the dimension of the associated 
rank one symmetric space. 

We say that a finitely generated group G is homeo-unicone (respectively bi-Lipschitz-unicone) 
if all its asymptotic cones are homeomorphic (respectively bi-Lipschitz equivalent). For example, 
all nilpotent groups and hyperbolic groups are bi-Lipschitz-unicone. The fact that some non- 
nilpotent solvable groups (for example, SOL) are bi-Lipschitz-unicone is proved in |11[ Section 
9]. 

Corollary 1.6. If a finitely generated group G is hyperbolic relative to a collection of homeo- 
unicone (respectively, bi-Lipschitz-unicone) subgroups, then G is homeo-unicone (respectively, 
bi-Lipschitz-unicone) . 

Theorem 1.7. [Assuming CH is true] Let § be an asymptotic cone of a geodesic metric space. 
Suppose that § is homogeneous and has cut points. Then § is isometric to the universal Q-tree, 
where Q consists of representatives of isometry classes of maximal connected subspaces of 8 
without cut points. 

Thus, in particular, modulo CH, the asymptotic cones of the mapping class groups are com- 
pletely determined by their pieces, that is maximal connected subsets without cut points. These 
have been described in [3] and [4] . But we still do not know if the pieces depend on the sequence 
of scaling constants or the ultrafilter. Hence the question of whether every mapping class group 
of a punctured surface has unique up to homeomorphism asymptotic cone (see pfl Question 7.7]) 
remains open. 

The paper is organized as follows. In Section 2 we collect some necessary definitions and 
results about tree graded spaces and relatively hyperbolic groups. Sections 3 and 4 contain the 
definition, explicit construction, and main geometric properties of tree products. In Section 5 
we introduce universal Q-trees and prove Theorem 11.21 Theorems 11.31 and 11.71 are proved in 
Sections 6 and 7, respectively. 

Acknowledgement. The authors are grateful to Cornelia Dru^u for helpful discussions. In 
particular, Sections [3j H] were written in collaboration with her in 2004 during the preparation 
of [8] but were not included in [8] because we were not able to prove the uniqueness of universal 
Q-trees then. We are also grateful to Yves de Cornulier for his comments. 
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When this paper was completed, it was brought to our attention by Cornelia Drutu that a 
preprint by Alessandro Sisto [24J that appeared at the same time contains results similar to the 
results proved in the present paper, including Corollary 11.41 The preprint |24j is based on the 
thesis |23j . 

2. Preliminaries 

Notation. All generating sets of groups are supposed to be symmetric, i.e., to be closed under 
taking inverse elements. Given a group G generated by a subset X C G, we denote by Cay(G, X) 
the Cayley graph of G with respect to X and by \g\x the word length of an element g £ G. 
If p is a (combinatorial) path in Cay(G, X), (fi(p) denotes its label, Lab(p) denotes its length, 
p_ and p + denote its starting and ending vertex. The notation p~ 1 will be used for the path 
in Cay(G,X) obtained by traversing p backwards. By saying that o = pi . . .pk is a cycle in 
Cay(G,A) we will mean that o is obtained as a consecutive concatenation of paths p±,...pk 
such that (pi + \)- = (pi)+ for i = 1, . . . , k — 1 and {pk)+ = {pi)-- For a word W written in the 
alphabet X^ 1 , \\W\\ will denote its length. For two words U and V we shall write U = V to 
denote the letter-by-letter equality between them. 

Tree-graded spaces. We collect here all the necessary definitions and basic properties of 
tree-graded spaces from [8] needed in this paper. 

Recall that a metric space X is called geodesic (or a length space) if every two points of X can 
be joined by a geodesic. A point x € X is a cut point if X \ {x} is disconnected. Note that for a 
geodesic space, connected components of X \ {x} are path components. 

Let § be a complete geodesic metric space and let V be a collection of closed geodesic non- 
empty subsets (called pieces). Suppose that the following two properties are satisfied: 

(Ti) Every two different pieces have at most one common point. 

(T2) Every non-trivial simple geodesic triangle (a simple loop composed of three geodesies) 
in § is contained in one piece. 

Then we say that the space § is tree-graded with respect to V . 
We allow V to be empty. Clearly § is tree-graded with respect to the empty collections of pieces 
only if S is a tree. 

Recall that a (topological) arc in a metric space S is any continuous injective map from a 
segment of R to S. The following was proved in |8l Corollary 2.10, Proposition 2.17]. 

Lemma 2.1. For any tree-graded space S the following hold. 

(a) Every non-empty intersection of a topological arc in § and a piece is a point or a sub-arc. 

(b) Every simple loop in § is contained in one piece. 

(c) For every arc c : [0,d] — > T, where c(0) 7^ c(d), and any t £ [0,d], let c[t — a,t + b] be 
a maximal sub-arc of c containing c(t) and contained in one piece. Then every other 
topological arc with the same endpoints as c must contain the points c(t — a) and c{t + b) . 

For every point x in a tree-graded space S let T x be the set of points y 6 S such that every 
geodesic [x,y] intersects every piece in at most one point. By [HJ Lemma 2.14], T x is an R-tree, 
it is called the transversal tree o/S at x. 

Lemma 2.2. (® Lemma 2.13]; Let x G S and y G T x . Then T x = T y . 

Lemma 2.3. Lemmas 2.19, 2.14] For every x £ §, T x is a closed subset o/§. Every simple 
path connecting two points in T x inside § is contained in T x . 
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Lemma 2.4. (^8j Remark 2.27]) Let § be a metric space that is tree-graded with respect to a 
collection of pieces V . Let \T{ \ i £ 1} be the collection of all transversal trees T x in S. Then the 
set V' = VL){Ti \ iel} also satisfies properties (Ti) and (T2), in particular E is tree-graded with 
respect to the collection of pieces V' . In that tree-graded space all transversal trees are trivial. 

Lemma 2.5 (Triangles in tree-graded spaces). Let A = pqr be a geodesic triangle in a 
tree-graded space S. Then the sides p,q,r can be decomposed as p = P1P2P3, q = Q1Q2Q3, and 
r = r x r 2 rz (some ofpi,qi,ri may be trivial), where (pi)+ = (r 3 )_, (p 3 )_ = (qi)+, (q 3 )- = 
and the cycle pi<Wi either is a point or belongs to a single piece. 

Proof. Let A be the last common point of p and r , B be the last common point of p _1 and q, 
C be the last common point of q~ l and r. Then either A = B = C or the union of [A, B] C p, 
[B, C] C 5 and [C, A] C r is a simple geodesic triangle in § and by the definition of tree- graded 
spaces it is contained in one piece of §. Then the points A, B (resp. B,C and C, A) gives the 
required decomposition p = p±,P2,P3 (resp. q = qiq2Q3, t = n^ra). □ 

Asymptotic cones. Recall that a non-principal ultrafilter w is a finitely additive measure 
defined on all subsets S of N, such that uj(S) S {0, 1}, uj(N) = 1, and uj(S) = if S is a finite 
subset. For a bounded sequence of numbers x n , n € N, the limit lim^x n with respect to uj is the 
unique real number a such that co({i £ N : \x-- L — a\ < e}) = 1 for every e > 0. 

Let (X, dist) be a metric space. Fix an arbitrary sequence e = (e n ) of points e n G X and 
a scaling sequence of positive real numbers d = (d n ) with lim w (d n ) = 00 (that is for every 

K > the set {n : d n > K} is in uj). Let Xi = (^X, ^-dist^ be the scaled copy of Xi. 

Consider the subset B of the ultraproduct li^Xi consisting of all x = (xn)^ € Yl^ Xi such 
that lim aj dist(x n , e n )/d n < 00. Two sequences and (y n ) w from this set B are said to 

be equivalent if lim w dist(x n , y ri ) = 0. The asymptotic cone Con w (X, e,d) is the quotient of B 
modulo this equivalence relation. The metric is defined by 

dist([(x n ) w ], [(y„)1) = lim w (dist(x n ,y n )/d n ). 

It is easy to verify that dist is well-defined (i.e., it is independent of the choice of representatives 
of the equivalence classes [(x n )"] and [(2/n)^]) and indeed satisfies all axioms of a metric. 

Note that if e is a constant sequence, the asymptotic cone is independent of e and we write 
Con^(X, d) instead of Con^X, e, d). If X is homogeneous and e is an arbitrary sequence, then 
Con^(X, e, d) is isometric to Con u (X, d). 

An asymptotic cone of a finitely generated group G with a word metric is the asymptotic 
cone of its Cayley graph (considered as the discrete space of vertices with the word metric). 
Asymptotic cones corresponding to two different finite generating sets of G (and the same 
ultrafilters and scaling constants) are bi-Lipschitz equivalent. The asymptotic cone Con w (G, d) 
of a group G is a homogeneous geodesic metric space. 

Relatively hyperbolic groups. Let us recall one of the definitions of finitely generated 
relatively hyperbolic groups (see [U Appendix]). 

Definition 2.6. A group G generated by a finite set X is called hyperbolic relative to a collec- 
tion of proper subgroups {Hi, . . . ,H m } if for every non-principal ultrafilter u and every scaling 
sequence d = (d n ) the following conditions hold. 
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(a) Let C be the collection of all limits lim w QjHi in Con u) {G, d), where \gj\ = 0(dj). Then 
two limits ]im^gjHi,lim^g'jH). € C coincide in Con^Cr, d) if and only if i = k and 
gjHi = g'jHi w-almost surely. 

(b) The asymptotic cone Con^(G, (d n )) is tree-graded with respect to the set of all (distinct) 
elements of C. 

An element g € G is called parabolic if it is conjugate to an element of one of the subgroups 
Hi. An element is said to be hyperbolic if it is not parabolic and has infinite order. Recall also 
that a group is elementary if it contains a cyclic subgroup of finite index. The first part of the 
next lemma is well-known in the context of convergence groups [261 127] . For the second part we 
refer to [20]. 

Lemma 2.7. Let g be a hyperbolic element of G. Then the following conditions hold. 

(a) There is a unique maximal elementary subgroup Ec{g) < G containing g. 

(b) The group G is hyperbolic relative to the collection {Hi, . . . , H m , Ec{g)}- 

Let 

m 

n = [_\H l \{i}. 

i=l 

Let q be a path in the Cayley graph Cay(G, X L)H). A (non-trivial) subpath p of q is called an 
H\-subpath for some A G {1, . . . , m}, if the label of p is a word in the alphabet H\ \ {1}. If p is 
a maximal //A~subpath of q, i.e. it is not contained in a bigger .fT\~subpath, then p is called an 
H\-component (or simply a component) of q. 

Two i?A~subpaths (or i/^-components) p\,P2 of a path q in Cay(G, XWH) are called connected 
if there exists a path c in Cay(G, X U %) that connects some vertex of p\ to some vertex of p2 
and 4>(c) is a word consisting of letters from H\ \ {1}. In algebraic terms this means that all 
vertices of p\ and p2 belong to the same coset gH\ for a certain g £ G. Note that we can 
always assume that c has length at most 1, as every nontrivial element of H\ \ {1} is included 
in the set of generators. An /^-component p of a path q is called isolated (in g) if no distinct 
H \ -component of q is connected to p. 

The following lemma is a particular case of [191 Lemma 2.27] applied to finitely generated 
relatively hyperbolic groups. Given a path p in Cay(G, X U H), we define its X-length by 

l x (p) = dist x (p-,p+)- 

Lemma 2.8. There exists a constant L > such that the following condition holds. Let q be a 
cycle in C&y(G,X U %), pi, . . . ,pk a set of isolated components of q. Then we have 

k 

Ll(q)>J2h(Pi)- 

i=i 

3. Tree products of metric spaces 

Let V = {Mi | i G /} be a set of complete geodesic metric spaces, and let T be the complete M- 
tree of degree continuum [16] explicitly constructed in [12J. In this section, we define a universal 
tree-graded space with every piece isometric to a spaces from V and transversal trees isometric 
to T ■ We shall call it the tree product of V and denote it by ITP. 

Our construction of the tree product is similar in spirit to the construction from [12] . The idea 
is the following. For every point y of a tree-graded space S we consider a geodesic connecting 
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that point with a fixed base point x. Unlike in the case of trees in |12j . there could be many 
geodesies connecting x and y in S. But by Lemma [2TTT every such geodesic must pass through a 
certain sequence of points depending only on x, y. These are the points where the geodesic enters 
and exits pieces or the transversal trees. Following a geodesic from x to y, we can remember 
only the entrance and exit points. Thus to the set of all geodesies c: [0, d] —¥ S between two 
points x, y, we will associate one locally constant function defined on a dense open subset of [0, d] 
whose values are pairs of distinct points from pieces. The function is not defined in the "break 
points" where the geodesic exits one piece (or transversal tree) and enters another. Given x, 
that function uniquely describes y. 

Obviously there are several necessary restrictions on the functions we get stemming from the 
fact that geodesies cannot backtrack, and that two "consecutive" values of the function do not 
belong to the same piece (tree): there are no "fake" exits. 

Here is the formal definition. We divide it into two parts. First we define the set HV and 
then the metric. 

Definition 3.1 (tree product: the set). For simplicity we shall denote the universal R-tree of 
degree continuum T from [TU [12] as Mo0 For every a £ I Li {0} let Q a be the set of all pairs 
of distinct points of M a , i.e. M a x M a \ {(x,x) \ x £ M a }. Let = LLg/u{o} 

Let JTP be the set of partial functions /: R — > f2 that consists of all functions / with the 
following properties: 

(LIi) The domain of / is a dense open subset Af of an open interval ]0, d(f)[, < d(f) < oo0 

The only / € LLP with d(f) = is the empty function and is denoted by f$. 
(LLj) / is locally constant on Af. 

(LT3) For every maximal sub-interval u of Af if f(u) = {(x, y)} then the length |u| equals the 
distance dist(x,y) between x and y in the corresponding M a , a € I U {0}. 

(H4) (No fake exits.) No two consecutive values of / have the form (xi,X2), (x2,xs). 

(LT5) (No backtracking.) Let (x,y) = (y,x) for every (x,y) € f2. For every x G R let a x 
be the symmetry in R with respect to x. Then for every non-empty open sub-interval 
]p—q,p+q[ of ]0, d(f)[, the (partial) functions / o a v and / do not coincide on ]p — q,p+q[- 

Remark 3.2. The informal meaning of (LT4) is that the maximal sub-intervals of Af divide a 
geodesic into maximal sub-geodesics each belonging to one piece (every exit point should lead 
to a different piece). Note also that Af can have infinitely many connected components. 

A function / : ]0, d[— > f2 as above will also be responsible for representing geodesies connecting 
the point / to the point fy. Similarly f\] Pt q[ corresponds to a geodesic c\ connecting f(p) to f(q), 
and f o a p corresponds to a geodesic C2 connecting f(p) to f(2p — q), which is symmetric to c\ 
with respect to f{p). Informally, the property (LI5) means that c\ and C2 are never represented 
by the same function, which makes the correspondence between functions and geodesies well- 
defined. 

Note also that if / and all M a have cardinality at most continuum, then IIM a has cardinality 
at most continuum as well. 



The definition is valid without this assumption. But if, say, we do not include a tree in the list of pieces at 
all, the resulting tree-graded space will have trivial (single point) transversal trees as follows from the description 
of geodesies in Lemma 14.71 below. 

■^We denote an open interval with endpoints a, b by }a, b[, half-open intervals by ]a, b], [a, b[, and closed intervals 
by [a, 6]. 
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In order to define a metric on YIV we need some more notation and a lemma. 
Notation: Let /, g be two functions from ITP. Let div(/, g) be the point of diverging, that is 
the supremum of all numbers s' such that the restrictions of / and g to ]0, s'[dAf coincide. We 
note that the set of s' is non-empty as it contains 0. 

Lemma 3.3. div(/,g) ^A f UA g . 

Proof. The statement is obviously true if s = 0. If s > and if for instance s G Af then there 
exists a maximal interval ]s — a, s+b[ on which / is constant equal to (x, y) with dist(x, y) = b+a. 
On ]s — a, s[ the function g is also constant, equal to (x, y). Now (IT3) implies that g is constant 
equal to (x, y) on ]s — a, s + b[. This contradicts the maximality of s. □ 

Notation: If s = div( f,g), let ]s,a g (f)[ and ]s,af(g)[ be the maximal (possibly empty) sub- 
intervals of Af and A g respectively. If a g (f) 7^ s and a fig) 7^ s then / is constant on ]s,a g (f)[, 
g is constant on ]s, a,f (g)[. In that case let us denote the values of / and g on these (non-empty) 
intervals by (x g (f),y g (f)) and (x f (g) , y f (g)) respectively. 

Notice that if Xf(g) = x g (f) then, informally speaking, a g (f) 7= s, a fig) 7= s means that after 
the two geodesies corresponding to /, g diverge, they still travel in the same piece or on the same 
transversal tree for some time, but they exit this piece or tree through different points y g {f) 
and yf{g) respectively (y g (f) and yf{g) are necessarily different because otherwise s would not 
be the divergence point). 

Now we are ready to define a metric on YYP. 

Definition 3.4 (tree product: the metric). Let /, g £ T¥P. Define the number D(f,g) as follows. 
Case 1. Suppose that a g (f) / div(/,#), a f (g) + div(f,g), x f (g) = x g (f). Then set 

D(f,g) = d(f) - a g (f) + d{g) - a f (g) + dist(y g (f),y f (g)). 
Case 2. If a g (f) = div(/,#) or a f {g) = div(f,g) or x f (g) / x g (f) then we set 

D(f,g) = d(f)-s + d(g)-s. 

Remark 3.5. It is easy to see that the function D that we have just defined is the most natural 
candidate for a metric in UV. Informally speaking if /, g correspond to points u, v, and c, d are 
geodesies connecting u, v to the base point in a tree-graded space then in Case 1, every geodesic 
connecting u with v must pass through the points y g {f) and yf{g), in particular the curve 

c _1 | ](i (/),a 9 (/)[ u [y 9 (f),y f (g)} u c'\ ]afig)Ag)[ 
should be a geodesic between u and v whose length is 

D(f,g) = d(f) - a g (f) + d{g) - a f ig) + dist( y/ ,y 9 ). 
In Case 2, every geodesic from u to v must pass through c(div(/, g)) and the curve 

C _1 |]d(/),div(/,g)[ U c'\ ]dHLg)Ag)[ 

should be a geodesic connecting u and v whose length is 

Dif,g) = dif)-s + dig)-s. 

We say that a pair of functions (/, g) is of type 1 if they satisfy the conditions of Case 1. 
Otherwise we say that the pair of functions (/, g) is of type 2. 
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Notation: For every / £ HP and every open interval }a, b[c]0, d(f)[ we denote by /|] a) &r the 
restriction of / onto ]a, b[. We denote /|| a b y the partial function on ]0, b — a[ obtained from f\^ a ^y 
by pre-composition with the addition with a. It is obvious that f\i b ^ belongs to HP. 

Let f,g£ HP. We denote / U g the function defined on ]0, d(f) + d{g)[ which coincides with 
/ on ]0, d(f)[ and with g pre-composed with the subtraction of d(f) on (d(f), d(f) + d(g)). We 
note that it is not always true that / U g is in HP, as conditions (II4) or (II5) might not be 
satisfied. 

Remark 3.6. Informally, / Ug is the function corresponding to the curve obtained as a composi- 
tion of the geodesic corresponding to / and a geodesic "parallel" to the geodesic corresponding 
to g. The resulting curve may be not a geodesic because, for example, some backtracking can 
occur at the point where the geodesies meet. 

Notation: For every (x,y) € Q we denote by C( x ,y) the function defined on ]0, dist(x, y)[ and 
constant equal to (x,y). It is obvious that C( XjJ/ ) belongs to HP. 

Lemma 3.7. (1) For every f,g& HP we have 

\d(f) - d(g)\ < D(f,g) < d(f) - dW(f,g) + d(g) - div( f,g). 

(2) For every /, 51,52 £ HP such that f U g\ , / U g 2 £ IIP we /lave 

D(fU gi ,fUg 2 ) = D( gi ,g 2 ). 

(3) If (f,g) is of type 1 then D(f,g) > 0. 

Proof. (1) Suppose that (/, g) is of type 1. Let x = Xf(g) = x g ( f). We begin with the second in- 
equality. We have a g (f) = div(f,g) + dist(x,y g (f)) and a f (g) = div(f,g) + dist(x,yf(g)). Hence 
D(f, g) = d(f) - div(/, g) + d(g) - div(/, g) - (dist(x, + d(x, y f (g)) - dist(y g (f),y f (g))) < 

d(f ) — div(/, g) + d(g) — div(/, g) by the triangle inequality that satisfied by dist. 

To prove the first inequality it suffices to prove that 2{d{g) — div(/, g)) — [d(x,y g (f)) + 
d(x,yf(g))-d(y g (f),y f (g))] > 0. Since dist (a;, yf(g)) < d(g)-div(f, g), it is enough to show that 
d(g) — div(/, g) > d(x, y g {f) — dist(y ff (/), yj(g)). This follows again from the triangle inequality 
since d(g) - div (f,g) > dist(x,y f (g)) and dist(x,y f (g)) > d(x,y g (f) - dist(y g (f ),y f (g)). 

Suppose now that (/, g) is of type 2 then the second inequality is obvious (it is in fact equality) . 
The first inequality follows from the obvious fact that div(/, g) < mm(d(f),d(g)). 

Statement (2) is an immediate consequence of the definition of D. 

(3) If (/, g) is of type 1 then D(f,g) = implies that yj = y g . The contradicts the maximality 
ofdiv(/,</). □ 

Proposition 3.8. D is a metric on HP. 

Proof. (1) Suppose that D(f,g) = 0. Then (/, g) is of type 2 and d{f) = d{g) = div(/, g), so 
f = g (since / and g coincide on (0,div(/, g)). (2) Let f,g,h be arbitrary functions in HP. 
Let us check the triangle inequality: 

D(f,g)<D(f,h) + D(h,g). 

Case I. Suppose div(/, h) = div(h,g) = s. It follows that div(/, g) > s. 

(a) Suppose that (/, h) and (h,g) are both of type 1. Then either div(/, g) = s and then 
a g (f) = a h (f), a f (g) = a h (g), y g (f) = y h (f), y g {h) = y f (h) and y f (h) = y g {h), or div(/,g) > s 
and then div( f,g) > a h (f), div(/,y) > a h (g). 
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We have D(f,h) + D(h,g) = d(f) - a h (f) + d(h) - a g (h) + dist(y h (f),y f (h)) + d(h) - 
af(h) + d(g) - a h (g) + dist(y h (g),y g (h)) > d(f) - a h (f) + d(g) - a h (g) + dist(y h (f),y f (h)) + 
dist(y h (g),y g (h)). 

In the case dw(f,g) = s, a g {f) = a h (f), a f (g) = a h (g), y g (f) = y h {f), y f (h) = y g {h) the 
last term is not smaller than D(f,g) = d(f) — a g (f) + d(g) — aj(g) + dist(y g (f),yf(g)) by the 
triangle inequality for dist. 

In the case div(/, g) > s, div(f,g) > a^(/), div(/, g) > a,h(g) we continue with D(f,h) + 
D(h,g) > d(f) — div(f,g) + d(g) — div(/, g) and it remains to apply Lemma [3771 (1). 

(b) If (/, h) is of type 1 and (h, g) of type 2 then div(/, g) = s and (/, g) is of type 2. We have 

D(f, h) + D(h, g) = d(f) - a h (f) + d(h) - a f (h) + di S t(y h (f),y f (h)) + d(h) - s + d(g) - s. 

Since dist(y h (f),y f (h)) + (d(h) - s) > dist{y h (f),y f {h) + (a f {h) - s) = dist(y h (f),y f (h)) + 
dist(y f(h), Xh(f)) > dist(y/ l (/), Xh(f)) = CLhif) — s by the triangle inequality, we can deduce 
that 

D(f, h) + D(h, g) > d(f) - a h (f) + a h (f) - s + d{g) - s = d(f) - s + d{g) - s = D(f, g). 

(c) If (/, h) and (h, g) are both of type 2 then D(f, h) + D(h, g) = d(f) -s + 2(d(h) - s) + 
d{g) - s > d(f) - s + d{g) - s > D(f,g). 

Case II. Suppose that div(/, h) ^ div(h,g). Without loss of generality we assume that 
div(/, h) > div(/i, g). It follows that div(/, g) = div(h,g) = s and that (/, g) and (h,g) are 
of the same type. 

(a) Suppose that (/, g) and (h,g) are of type 1. Then a/(g) = ah{g) = o,\,a g (h) = a g (f) = 

a2,yf(g) = yh{g) = yi,y g (h) = y g {f) = V2- 

(a.l) Suppose that (/, h) is also of type 1. We have D(f, h) + D(h, g) = d(f) — a^if) + d(h) — 
af(h)+dist(y h (f),y f (h))+d(h)-a 1 +d(g)-a2+dist(yi,y 2 ) > d(f)-a 1 +dist(y 1 ,y 2 )+d(g)-a 2 = 
D(f,g). 

(a.2) Suppose that (f,h) is of type 2. Then D(f,h) + D(h,g) = d(f) - div(/,/t) + d(h) - 
div(/, h) + d(h) - a x + d{g) -a 2 + dist(yi, y 2 ) > d(f) - div(/, h) + div(/, h)- ai + d(g) - a 2 ) + 
dist (2/1,2/2) = D(f,g). 

(b) Suppose that (/, g) and (h, g) are of type 2. 

(b.l) Suppose that (f,h) is of type 1. We have D(f, h)+D(h, g) = d(f)-a h (f)+d(h)-a f (h) + 
dist(y h (/), y f (h)) + d(h) - s + d(g) - s > d(f) - a h (f) + d(y h (f),y f (h)) + a f {h) - s + d(g) - s > 
d(f)-s + d(g)-s = D(f,g). 

(b.2) Suppose that (f,h) is of type 2. Then D{f,h) + D(h,g) = d(f) - div(/, h) + d(h) - 
div(/, h) + d(h) - s + d(g) - s > d(f) - div(/, h) + div(/, h)-s + d{g) - s = D(f, g). □ 

4. Geometric structure of tree products 

The main goal of this section is to prove the following. 

Theorem 4.1. Let V = {Mi \ i E 1} be a set of complete geodesic metric spaces. Then the tree- 
product ITP is a complete, homogeneous tree-graded metric space, where every piece is isometric 
to one of the M a € V and every transversal tree T x is isometric to T . 

The proof is divided into a sequence of lemmas. 

Lemma 4.2. UV is complete. 
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Proof. Let (f n ) be a Cauchy sequence in ITP, let A n be the domain of the function f n . Let 
T nm = div(/ n ,/ m ) if (fn,fm) is of type 2 and T nm = a/ n (/ m ) if (f n , fm) is of type 1. Let 
T„ = inf m >„T nm , thus (T n ) is non-decreasing. 

The first inequality in Lemma f3.71 (1), implies that (d(f n )) is a Cauchy sequence in R therefore 
a convergent sequence with some limit d. If d = then lim n _ > . 00 .D(/ n , f$) = lim n _ i>00 (i(/ ri ) = 
hence limn^oo/n = /q. So let us suppose that d > 0. 

We denote e n = sup fc m>n D(fk, f m ). Since (/ n ) is a Cauchy sequence (e n ) is a decreasing 
sequence converging to 0. By definition D(f n , f m ) > d(f n ) — T nm > d(f n ) — T n . We conclude 
that d(f n ) — T n < e n . It follows that limn^ooT^ = d. It also follows that the restrictions 
9n = fn\]o,T n [ also f° rm a Cauchy sequence and Ymi n ^ 00 D(g n , f n ) = lim^ooT^ - d(f n ) = 0, so 
that it suffices to prove that the sequence (g n ) converges. 

By definition we have that for every m > n either g n = / m |]o,T„[ or (<7n> fm) is of type 1 and 
T n = ag n (f m ). If the latter case ever occurs then there exists s n < T n such that g n = g n UCr Xnjyri -\ , 
where g n = g n \]o,s n [, and for every m > n such that (g n , f m ) is of type 1, fm\[o,a fm (g n )] = 
g n U Cr Xnj y\. If the latter case ever occurs then we put s n = T n . 

The statements in the previous paragraph remain true if we replace f m with g m . Consequently 
the sequence (s n ) is increasing. On the other hand s n < T n , hence (s n ) is convergent. 

If linin^ooSn = d then D(g n ,g n ) = T n — s n converges to so we can replace the functions g n 
with g n . For m > n we have that g m is an extension of g n . We consider A = U n \A n n [0, s n ]] 
and g defined on A by <?|[o Sn ] = 9n- The function g is the limit of the sequence g n . 

Suppose that s n converges to s < d. Then T n — s n converges to 5 = d — s > 0. Let 
no be such that for all n > uq, e n < | and T n — s n > |. In particular for all k,m > no, 
D(gk,g m ) < D(fk,f m ) < |. Let n > no fixed. For every m > n the function g m extends g n 
which by the previous hypotheses implies g m = g n or (g m ,9n) is of type 1 which, in turn, implies 
that g m = g n U C( Xn: y m y We then have that for n > uq the sequence s n is constant equal to s, 
the sequence x n is constant equal to x, A(f n )n]0, s[ is constant equal to A, and that (y n ) is a 
Cauchy sequence in some M a or in T ■ Since T and all M a are complete, y n converges to a point 
y. We define g = g n U C( x ,y) f° r every n > hq. Since for n > no we have D(g n , g) = d(y n , y) we 
conclude that g n — > 5. □ 

Lemma 4.3. LIT 3 is homogeneous. 

Proof. Let / be an arbitrary function in LLP. We construct an isometry $j such that $/(/) = /g- 
We denote f = f ° &dU)/2-> which is a function in IYP (see Remark 13. 2 [) . 
Let 5 be an arbitrary function in IYP \ {/}. If (/, g) is of type 1 we write 

= /l]0,d(/)-a g (/)[ U C (j/ 9 (/),?// (9)) U 9\] af (g),d(g)[- 

If (/, (7) is of type 2 we write 

= /l]0,d(/)-div(/, ff )[ U 5l]div(/, 9 ),d(g)[- 

It is easy to check that &f{g) satisfies all the conditions IIi — II5, so &f(g) G ITP. 

The proof that <!> f preserves the metric D follows the same path as the proof of the triangle 
inequality for D (one has to consider cases as in the proof of Proposition 13. 8\ and the treatment 
of each case is similar; the only significant difference is that one has to use Properties II4 and 
LI5 here), so we leave it as an exercise. 
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To conclude the proof, we show that <£/ is surjective. Take g G ILP. First suppose that (g, f) 
is of type 1. Then let 

h = f\)0,a g (f)l U C (y g (f), Vf (g)) U 9\]d(g)-a f (g),d(g)[- 

It is easy to see that h G ILP. Notice that (f,h) is of type 1, div(/, h) = d(f) — a g (f), 
ah(f) = d{f) - div(/,#), a f (h) = d(f) - a g (f) + dist(y g (f),yf(g)), y h (f) = x g (f) = Xf(g), 
Vf( h ) = Vf(g), d ( h ) = a f( h ) + d{g) - a g (f). So 

®f(h) = f\]0,d(f)-a h (f)[ u C (y h (f),y f (h)) u h \]a s (h),d(h)[ 

= /l]0,div(/,ff)[ U C (x f (g),y f (g)) U g \] d (g)-a f (g),d(9)[ = 9 ' 

Now suppose that (g, f) is of type 2. Let 

h = /l]0,d(/)-div(/,g)[ U f l]div(/,s),d(g)[- 

Then again it is easy to check that h G IIP, and (/, /i) is of type 2, div(/, /i) = — div(/, y), 
d(/i) = d(5) + d(/)-2div(/, 5 ). So 

= /|]0,d(/)-div(/,fc)[ U /l l]div(/,h),d(/i)[ 
= 5l] ,div(/,p)[ U 9 \]div(f,g),d(9)l = 9 ' 

□ 

Now we are going to describe all geodesies joining two points in IIP. By homogeneity (Lemma 
I4.3|) it suffices to consider only geodesies connecting / G HP with fy. 

Remark 4.4. The isometry <3?j and the construction of the function h = ^J 1 (g) will be used 
below. In particular, suppose that for some a G /, x a G M a , there exists yo G M a \ and 
/o G IIP such that / = /q U C^^j. Then for every y ^ yo G M a the function $7 (Cy^) is 

/o u C (s/o,y) and is fo for f = Vo- 

If the yo does not exist, then t&T^C^y)) is / U C^^j for every y j£ x a G M Q and is / for 
y = ^a- 

Definition 4.5 (geodesies connecting points in IIP with fy). For every / G HP consider the 
set of functions g : [0, d(f)] — >■ IIP defined as follows. Let g(0) = /g. If t E]0, cZ(/)] \ Af we put 
g(t) = f\]o,t[- Let }a,b[ be a maximal open interval contained in Af. Then f\\ a u = C(x,y) f° r 
some (x, y) G SI. We have x, y G M, where M = M Q . Let f) be a geodesic joining x and y in M. 
We write g(t) = /|] 0)O [ U C( xA ( t - a )) for every t G]a, 6[. 

Lemma 4.6. Each such function q is a geodesic in ILP connecting fy and f . 

Proof. Let t, s G [0, We need to show that 

(1) D(Q(t), 9 (s)) = \t- S \. 

If neither t nor s is in Af then D(g(t), g(s)) = -D(/|]o,t[) /l]o,s[) = I* ~~ s l by the definition of 

D. 

Suppose that t G Af and s g" j4j. Let ]a, 6[c At be the maximal open sub-interval of Af 
containing t and let f\^ = C( Xiy ). We have g(t) = /|] 0>a [ U C^^t-a)), where f) is a geodesic 
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joining x and y. If s < t then the function g(t) is an extension of the function q(s) and the 
equality ([I]) is satisfied. 

Suppose that t < s. Then (jj(t),g(s)) is of type 1 and D(g(t), q(s)) = dist(F)(t — a),y)+s — b = 
b — t + s — b = s — t. 

Finally suppose that t,s G Af. If t and s are both contained in ]a, 6[c Ay maximal open 
interval then the equality (fTJ is obvious. If not then there exists a number r Af between t 
and s. The previous argument applied to ]t,r[ and to ]r,s[ implies D(g(t), g(s)) <\t — s\. The 
converse inequality follows from Lemma l3.7f 1). □ 

Lemma 4.7. Every geodesic connecting fa to f is equal to a geodesic defined as in Definition 

E3 

Proof. Let g: ]0, d(f)[— > LIP be any geodesic connecting fa and /. For every t g]0, d(f)[ let 
ft = Q(t). Since D(fa, ft) = t it follows that the domain of definition At of ft is an open dense 
set in ]0, t[. 

Suppose that (f,f t ) is of type 1. Then D(f,f t ) = d(f) - t + 2(t - a f f t ) + dist(x, yf(ft) + 
dist(y f (ft), yt) — dist(x, y/). Since D(f,f t ) = d(f) — t it follows that t = af(ft) and that 
dist(x, yt) + dist(y/, yt) = dist(x,y/). In particular it follows that 

div(/,/ t ) < i = div(/,/ t ) +dist(x,y t ) < a /t (/) 

and ]div(/, ft), o/ t (/)[ is an interval on which / is constant. Hence £ £ ^4/. 

Suppose that (/, ft) is of type 2. Then .D(/, ft) = d(f) — t + 2{t — div(/t, /)) and as it is equal 
to d(f) - t it follows t = div(/j, /) £ A/ and / 4 = /|] Q)t[ . 

We conclude that (/, f t ) is of type 1 if and only if t € Af. 

Let }a, b[ be a maximal open interval contained in Af. We have /|]o,&[ = f\]o,a[ u ^(x,y)^ x i y £ M 
and by the previous argument for every t G]a, b[, ft = f\]o,a[ L- 1 G(x,y t )- Since for every t, s €]a, b[ 
we have D(f s , f t ) = dist(y s ,yt) = \t — s\ it follows that s — > y s is an isometric embedding of ]a, b[ 
in M. As D(f a , f t ) = d(x, y t ) = t-a and D(f t , fa) = d(y t , y) = b-t it follows that lim t ^ a yt = x 
and that Yvaxt-^byt = V- We conclude that s — > y s is a geodesic from x to y. □ 

In particular, Lemma 14.71 implies that is every element of V is uniquely geodesic, then so is 
LLP. 

Lemma 4.8. ILP is a tree-graded space where every piece is isometric to one of the M a € V 
and every transversal tree T x is isometric to T . 

Proof. We start by defining the pieces containing the point fa. Other pieces will be defined 
using the homogeneity. 

For every a £ I (note: a^O) and x a € M a , the piece 

M a (fa, x a ) = {C (Xaiy) \ y£M a \ {x a }} U {fa}. 

Clearly the map $ Q (i Q ): M a — > M a (fa, x a ) that takes x a — > fa and y — > C( Xa ^ for every 
y € M a \ {x a } is an isometry. 

For every other point / G ILP the piece M a (f, x a ) containing / is defined as 1 (M a (fa, x a )) 
where is the isometry defined in the proof of Lemma 14.31 

Notice that for every a G /, every x a G M a and every / G LIP we associate a unique isometric 
copy M a (f,x a ) of M a in LIP and an isometry Ql 1 ^ a (x a ) from M a to M a (f,x a ) that takes x a 
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to /. In other words, for every / € HP and every x a £ M a there exists a copy of M a in TIT 3 
attached to / by x a . 

Now let us show that different pieces have at most one point in common (property (Ti) of 
tree-graded spaces). Suppose M a (f$,x a ) Pi Mp(f,xp) contains two distinct functions g,h. By 
Remark 14.41 we may suppose, up to changing / and xp, that Mp(f,xp) consists of the functions 
/ U C^,,,) for every y ^ xp and of the function /. Since g, h € M a (fq ) ,x a ) at least one of the 
two is of the form Cr x x \,x ^ x a . Suppose it is g. 

If h = fy then h £ Mp(f,xp) implies h = f. On the other hand g = C/j. j.) E Mp(f,xp) 
implies a = (3 and x Q = xg and hence M a (f t j l ,x a ) = Mp(f,xp). 

Suppose h = C( a . a ?/ ) , y ^ x a . Since h € Mp(f,xp) either h = f or h = f U C( x z y In the 
latter case it follows that f = fy, a = (3 and x a = xp and we can conclude. Suppose that h = f. 
Then g = C^ y) U C {xfj ^ u) , contradiction. 

Now let us show that every simple geodesic triangle in IIP is contained in one piece (Property 
(T2)). First we prove that for geodesic simple bigons. It suffices to consider a bigon with 
vertices f$ and / 6 IIP \ {f%}. Let Qi and 02 be the two geodesies forming this bigon. By 
Lemma [4. 71 Af =]0, d(f)[ : otherwise the bigon would not be simple. Hence / = C( x ^ for some 
(x, y) G M x M. 

Again Lemma I4T71 implies that Qi(t) = C^p^)) and Q 2 (t) = Cr XjV r t \\ such that p and r are 
geodesies joining x and y in M. If M = T then Q\ = 02, a contradiction. Therefore M = M a , 
and gi U 02 C M a (fq), x) as required. 

Now consider a geodesic simple triangle A = 01U02U03. By homogeneity we may suppose that 
the common endpoint of the geodesies 0i and 02 is f$. Let /1 and f 2 be their other respective 
endpoints. 

If s = div(/i,/ 2 ) > then s A fl U A/ 2 and 0i(s) = /i|] , s [ = /2|]o,s[ = 02(s), contradiction. 
Therefore s = 0. 

Suppose that (/ij/2) is of type 2. Then D(fi,f 2 ) = d(/i) + <^(/2) and 0i U 02 is a geodesic 
between /1 and /2- It remains to apply the result about bigons. 

Suppose that (fi,f 2 ) is of type 1. Then, as s = 0, there exist cij > and (x,yi) £ M x M 
such that /i|]o,o- 4 [ = for i = 1,2. We have 

(2) / 2 ) = d{h) -a 1+ d(f 2 ) -a 2 + d(y h y 2 ). 

According to Lemma UTTl a, L Af i implies Qi{ai) = /i|]o,aj[ f° r i = 1, 2. We denote by 0^ the 
sub-arc of 0j with endpoints 0j(a«) and fc. 

Consider a geodesic p between y\ and 2/2 in M and let 0(i) = G(x${t)) be the corresponding 
geodesic between /1 |]o,<ri[ an d /2|]o,o- 2 [- Formula (J2j> implies that 03 = 0i U U g' 2 is a geodesic 
joining /1 and / 2 . 

If 3 U 03 is a simple bigon then it is contained in a piece, M a (f, x a ). In particular C^.), i = 
1,2, are contained in M a (f,x Q ). 

By Remark 14.41 we may suppose that <f>J (C( yo , y )) is / U C^ Xa ^ for every y ^ x a & M a and 
is / for y = x a . 

Since y\ ^ y 2 it follows that at least one of the two functions Cr X y.\,i = 1,2, is of the form 
/LIC 

(2^,2)- Consequently, f — f<$ and (x,yi) — (x a ,z) € f2 Q . In particular M — M Q , so 
C M a {f$,x). It follows that the whole bigon is contained in this piece. We conclude that A 
is also contained in this piece. 
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Suppose q' 3 fl 03 7^ {fx, fa}. Since A is simple this implies q n 03 / 0. Let g be the nearest 
point of fx which 03 has in common with 0. If g = Cr x ^ yi \ the simplicity of A implies g = fx- 
If g 7^ Cr XVi \ then the sub-arcs of 03 and 3 with endpoints fx and g form a simple bigon 
intersecting in a non-trivial sub-arc. By the previous argument it follows that the whole bigon 
is in the piece M a (fy,x), therefore fx = C( xm y 

A similar argument implies that f% = Cr Xi y 2 y A decomposition of 3 U 03 into simple bigons 
and geodesies joining their endpoints allows us to conclude that 3 U 03 C M a (f$, x), therefore 
AcM a (f $ ,x). 

It remains to prove that for every / € UP the tree Tf is isometric to T. It suffices to consider 
f = f$- The set Tq of topological arcs with one endpoint f$ intersecting every piece in at most 
one point is the same as the set of points in UV which can be joined to by such arcs. By 
Lemma 14.71 this set is an M-tree which is a union of trees isometric to T. By the uniqueness 
result from |X6(, [T2] , we conclude that T$ is isometric to T. □ 

5. Universal Q-trees 

Let Q be a collection of geodesic metric spaces. Recall that all metric spaces in this paper 
are supposed to have cardinality at most continuum. 

Definition 5.1 (Canonical isometries). Let § be a Q-tree (see Definition 1 1 . X [> . For every 
Q £ Q, we fix a set D(Q) of orbit representatives of the diagonal action of Isom((5) on Q x Q. 
We also fix a set of orbit representatives E(Q) of the action of Isom((5) on Q. For every piece 
P of § and every pair of points (x,y) € P x P (resp. a point x £ P), we choose Q G Q and 
an isometry 1: P — > Q such that (t(x),t(y)) G D(Q) (resp. i{x) € E(Q)). In what follows this 
isometry is called the canonical isometry associated to the triple (P,x,y) (pair (P,x)). If a pair 
(P,x) is canonically isometric to (Q,y), then we say that P is a (Q,y)-piece at x. 

Definition 5.2 (Types over Q). Let U C]0, 00 [ be a (possibly empty) disjoint union of bounded 
intervals 

(3) U= [_\]a a ,b a [, 

where a a , b a > 0. Let also / be a map that assigns to each interval ]a a , b a [ a pair (p, q) € D(Q) 
for some Q G Q with dist(p, q) = b a — a a . We call such pairs (U, f) Q-types. (U, f) is called 
trivial if U = 0. 

Definition 5.3 (Equivalent types). We say that (i/oj/o) is an initial subtype of a Q-type 
(U, f) if Uq = f/n]0,r[ for some r ^ U, and /o = f\u - Two Q-types are equivalent if they have 
equal nontrivial initial subtypes. 

Definition 5.4 (Limit connected components and their types). Let s be a point in a 
Q-tree S. Let C be a connected component of § \ {s}, 7: [0, r] — > C U {s} be any geodesic 
parameterized by length such that 7(0) = s. If there exists a piece P of S such that P n 7 is a 
nontrivial initial subsegment of 7, we say that C is a non-limit component. Otherwise we say 
that C is a limit component and define its type as follows. Let U be as in ([3|), where for every 
aGi, ]7(a a ), 7(fr a )[= -P a n 7 for some piece P a of § and any piece P £ {P a \ a £ A} intersects 
7 in at most 1 point. Note that U ^]0,r[ since in ([3]), a a > by our assumption. The map / is 
defined by the rule f]a a ,b a [= (t(7(a a )), t(7(6 a ))), where i is the canonical isometry associated 
to the triple (P a , r y(a a ),'y(b a )). We say that (U, f) is the type 0/7 and define the iype 0/ C, 
denoted r(C), to be the equivalence class of (U, /). 
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It turns out that the notions of a limit and non-limit component and types of limit ones are 
well-defined, i.e., they are independent of the choice of a particular geodesic 7. The following 
well-known fact will be used several times: any continuous image of a closed interval in a 
Hausdorff space is arc-connected (i.e., connected by injective paths). 

Lemma 5.5. Let s be a point in a Q-tree S and let C be a connected component ofS \ {s}. 
Then at least one of the following holds. 

(a) There exists a unique piece P of § such that for every x G C, and every geodesic [s,x] 
in C U {s}, the intersection P n [s, x] is a nontrivial initial subsegment of [s, x\. 

(b) For any x,y G C, any two geodesies [s,x], [s,y] in C U {s} have at least one common 
point u 7^ s. In particular, [s,x] and [s,y] have equivalent types. 

Proof. Let us take any x,y G C and consider any geodesies [s,x], [s,y] in C U {s}. Let us also 
fix any geodesies [x,y] C C. Since both [s,x] and [x,y] are compact, there exists u G [s,x], 
s, such that the subsegment [s,u] of [s,x] intersects [x,y] trivially. Since the concatenation 
[s,x][x,y] is arc-connected, there exists an arc [u,y] C [s,x][x,y]. Clearly the concatenation 
c = [s,u][u, y] is also an arc. Now there are two cases to consider. 

First assume that there is a piece P which contains a nontrivial initial subsegment of [z,y]. 
By Lemma [2 .H P also contains a nontrivial initial subsegment of c. Since c contains a nontrivial 
initial subsegment of [s, x], P D [s, x] is a nontrivial initial subsegment of [s,x]. Since [s,x] was 
arbitrary, we obtain (a). 

Now suppose that such a piece P does not exist. Then again by Lemma l2,ll ]s. x] and c have 
common points arbitrary close to s. Then ]s,x] has a common point with ]s,y] and we get (b). 
The statement "in particular" follows immediately from Lemma l2.11 □ 

Definition 5.6 (Universal Q-trees). Let G denote the set of all possible equivalence classes 
of Q-types. A Q-tree § is called universal if the following conditions hold: 

(a) § is complete; 

(b) for any s G S, any 9 G there are exactly continuum limit connected components of 
§ \ {s} of type 6; 

(c) for any Q G Q, and any x G E{Q) and exactly continuum (Q,x)-pieces of S containing 
s. 

Remark. The above definition can be generalized by replacing continuum with any other 
cardinal number (or even two different cardinals in (b) and (c)) as long as these cardinals are 
larger than the cardinality of the set Q. We do not develop the general theory since the particular 
case is sufficient for our applications. 

Definition 5.7 (Good Q-subtrees). Let 8 be a Q-tree, §' a subset of S. We say that S' is 
a Q-subtree of S if S' is path-connected and every piece P of S that intersects §' in at least 2 
points, is contained in Further we say that §' is good if for every point t G S' one of the 
following conditions holds: 

(a) §' intersects nontrivially every connected component of S\ {t}. In this case t is called a 
point of type I. 

(b) §' intersects nontrivially at most 2 limit connected components of S \ {t} and at most 2 
pieces of S containing t. In this case t is called a point of type II. 

Lemma 5.8. Let S' be a Q-subtree of a Q-tree S. Then the following hold. 
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(a) S' is totally geodesic in §, i.e., for any two points x,y G §>', S' contains all geodesies 
connecting x to y in §. In particular, S' is geodesic. 

(b) For any x G § and any y G the intersection of any geodesic [y, x] and §' is either a 
subsegment [y,z] or a half-open subinterval [y,z) of[y,x}. 

Proof, (a) Since §' is path-connected, it contains an arc 7' connecting x to y. By Lemma 12.11 
every geodesic 7 connecting x and y in § may differ from 7' only inside pieces, which 7' intersects 
in more than one point. Since all such pieces are contained in §' by the definition of a Q-subtree 
7 is also contained in 

(b) This immediately follows from (a). □ 

Lemma 5.9. Let §' be a good Q-subtree of a Q-tree § and let t belongs to S' , the closure of S' 
in 8. Then §' U {t} is also a good Q-subtree of §>. 

Proof. Let G = §' U {t}. Recall that 8 is geodesic by Lemma 15.81 It is straightforward to verify 
that for any geodesic subspace M of a metric space N and any point m G M, the space MU{m) 
is path-connected. Hence G is path-connected. Further suppose that there is a piece P of § 
such that FflG contains at least two points, say x and y. Let c be an arc connecting x to y in 
G. By Lemma 12.11 c is contained in P, thus P n G is infinite. Thus P fl §' contains at least 2 
points and hence P C §' c G by the definition of a Q-subtree. Thus G is a Q-subtree of S. 

It remains to show that G is good. Let s G G. If s ^ i and s was of type I in §', it remains 
of type I in G. Further suppose that s ^ t was of type II in §'. Let C be a limit connected 
component of § \ {s}, or a piece of § containing s. Suppose that G intersects C nontrivially. 
Let r G C fl G and let [s,r] be a geodesic in §. Then ]s,r] G C (1 G and hence §' intersects C 
nontrivially Thus s is of type II in G. Finally we note that t is clearly of type II in G since 
G \ {t} = §' is connected. □ 

The main result of this section is the following. We say that a branching degree of a Q-tree 
§ is at most continuum if for any s £ §, any 8 G ©, any Q G Q, and any x G E(Q), there 
are at most continuum limit connected components of § \ {s} of type 9 and at most continuum 
(Q, x)-pieces of § containing s. 

Theorem 5.10. Let Q be a collection of homogeneous complete geodesic metric spaces, each of 
cardinality at most continuum. Then the following hold. 

(1) There exists a universal Q-tree, namely the tree product of the collection consisting of 
continuum isometric copies of every Q G Q. 

(2) Every Q-tree of branching degree at most continuum isometrically embeds into a universal 
Q-tree. 

(3) Every two universal Q-trees are isometric and the isometry preserves pieces. 

Proof. (1) For every space Q G Q consider continuum isometric copies of Q and let Q' be the 
collection of all these copies. Then the tree product LTQ' is a universal Q-tree. Indeed, let s be 
a point in LTQ'. Since LTQ' is homogeneous, we can assume that s = fy. Then the fact that for 
every Q G Q, x G E{Q) there exists continuum (Q, x)-pieces containing s follows immediately 
from the proof of Lemma 14.81 and the fact that for every limit type t, there exist continuum 
connected components of LTQ' \ {s} of type r follows from Lemma 14.61 and the definition of the 
tree product. 

(2) Let G be a Q-tree of branching degree at most continuum, S a universal Q-tree. Consider 
the set A of all triples (G', /), where G' and §' are good Q-subtrees of G and S, respectively, 
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and /: G' — > S' is an isometric embedding, which preserves the types of points. A is non-empty 
since the triple (G', §',/), where G' and S' are points and / is the obvious map, belongs to A. 
We equip A with the standard ordering: 

(G',S?,f) d (G",S",g) iff G' C G", S' C S", f = g\&. 

It is easy to show that the union of every chain of elements of A (defined in the standard 
way) is again an element of A. Hence by the Zorn Lemma there exists a maximal triple 
(G max , S max , / ma x). We are going to show that G max = G. 

First assume that G max ^ G, i.e., there is x G G\G max . Let us fix any y G G max . By Lemma 
15.81 the intersection of a geodesic [y,x] and G max is either [y,z] or [y,z) for some z G [y,x]. We 
deal with these cases separately and will arrive at a contradiction in both of them. 

Case 1. [y,x] n G max = [y, z\. Let us show that z is a vertex of type II in this case. Since 
G max is good, it suffices to show that G max Pi C = 0, where C is the connected component of 
G max \ {z} that contains x. 

We argue by contradiction. Suppose that there exists t G G max PI C. Let us fix any geodesic 
[z,t] C C U {z}. If C has a non-limit type, then by Lemma 15.51 there is a piece P such that 
PC\[z,t] is a nontrivial initial subsegment of [z,t]. Since [z,t] G G max , P is contained in G max . 
As P contains a nontrivial initial subsegment of [z,x], this contradicts the choice of z. If C has 
a limit type, then ]z,x] has a nontrivial intersection with ]z,t] by Lemma 15.51 and we get the 
same contradiction again. 

Thus z is a point of type II and hence so is / max (z). Since G and § are universal and 
G max , Smax are good, there exists a 1-to-l correspondence g between connected components of 

G \ ({z} U Gmax) and § \ ({/max(z)} U S 

max) which preserves types. For every limit connected 
component E of G\ ({z} UG mas ) there exist geodesies 7CBU {z} and 5 C g(E) U {/max(-z)} of 
equivalent types starting from z and f m3CK (z), respectively. Passing to their initial subsegments, 
we can assume that 7 and 5 have the same type. We join 7 and all pieces which intersect 7 
in more than one point to G max and do the same with 5 and S max . Further we add to G ma x 
(respectively, S ma x) all pieces of G (respectively, S) containing s (respectively, t). 

Let Gi,§i be the subspaces of G and § obtained from G ma x and S max in this way. It is 
straightforward to check that /max extends to an isometry between Gi and Si. Let us first 
verify that Gi and Si are Q-subtrees of G and §, respectively. Clearly they are path-connected. 
Further suppose that a piece P intersects Gi is at least 2 points, say, a and b. We have to show 
that PcGj. There are 3 possibilities. 

(la) a, b G G ma x- Then P C G max C Gi as G max is a Q-subtree. 

(lb) a G Gmaxj b zji Gmax- Let ci,C2 be arcs connecting a to z and z to 6, respectively. Then 
ci n C2 = z as ci \ {z} and C2 \ {z} belong to different connected components of G \ {z}. Hence 
the concatenation c = C1C2 is an arc. By Lemma 12.11 (a) we have c C P. In particular, z G P 
and consequently P G Gi. 

(lc) a, b G max . If a and b are from different connected components of G m ax \ {z}, we obtain 
P G Gi arguing as in (lb). Otherwise it is easy to verify that P G Gi by our construction of 
Gi. 

Finally we observe that Gi and Si are good. Indeed it is easy to see that types of points in 
Gmax \ {z} do not change, z becomes of type I, and all other points of Gi are of type II. The 
same holds for Si. This contradicts maximality of the triple (G ma x, Smax , /max)- 
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Case 2. [y,x] Pi G max = [y,z[. Let Gi = G max U {z}. Since S is complete, / max extends 
to an isometry Gi — > Si = S max U {w} for some w G SS max . Clearly this isometry preserves 
types of points since both z and w have type II and Gi and Si are good Q-subtrees of G and S 
respectively by Lemma [5T9l This contradicts maximality of the triple (G max , S max , / max ) again. 

Thus G max — G, i.e., G isometrically embeds in S. 

(3) Suppose now that G and S are two universal Q-trees. Let the triple (G max , S max , / max ) be 
defined as above. We already know that G max = G. Suppose that there exists x G S \ S max . Let 
y be any point in S max . Then [y, x] (~1 S max = [y, z] as S max is complete being the isometric image 
of a complete space. Let zq be the preimage of z in G max . Clearly zq is of type I while z is of 
type II. This contradicts our assumption that / max preserves types of points. Thus S = S max , 
i.e., G and S are isometric. □ 

6. Asymptotic cones of relatively hyperbolic groups 

Throughout this section let G denote a groups generated by a finite symmetric set X and 
hyperbolic relative to a collection of proper subgroups {H\, . . . , H m }. Recall that the subgroups 
Hi, . . . , H m are finitely generated in this situation. We assume that for every i = 1, . . . , m, X 
contains a (finite) generating set Yi of Hi. 

Given a non-principal ultrafilter u, and a scaling sequence d, let 

G{co,d) = {{ 9i y G ITC | \ 9i \ = Ooj {di)}. 

Clearly G(uj,d) is a subgroup of G w and the induced action of G{u,d) on Con^G, d) fixes the 
point e = (1, 1, . . .) w G Cofi^G, d). It follows from the Definition 12.61 that G(u, d) preserves the 
set of pieces of Con u (G,d), moreover a piece corresponding to Hi is mapped to a piece of the 
same kind. In particular, Con"(£r, d) preserves types of geodesies in Con u (G,d). Hence G(u),d) 
acts on the set CC T (e) of limit connected components of Con u (G,d) \ {e} of type r as well as 
on the set Pj(e) of pieces of Con^G, <i) containing e and corresponding to Hi. We say that an 
element g G G(u),d) is hyperbolic if g = where every gi is hyperbolic in G. 

Lemma 6.1. Let u) a non-principal ultrafilter, d a scaling sequence. Suppose that none of the 
peripheral subgroups is finite. Then no hyperbolic element of G(u>, d) preserves an element of 
Vi(e) or CC T (e) for a non-trivial r . 

Proof. Suppose that an element x £ G(u,d) fixes a piece lim U) (giHk), where k G {l,...,m}. 
Then by [91 Lemma 4.19], x is not hyperbolic. 

Further let C G CC T {e) where r is non-trivial. Suppose that a hyperbolic element x G G(co, d) 
fixes C. Let 7 be any (nontrivial) geodesic segment in C U {e} originated at e. Since x is an 
isometry of Con w (G, d), it maps 7 to another geodesic segment S in C U {e}. By Lemma [531 7 
and 5 have at least one common point a/e. Clearly x fixes e. Lemma [2. II (c) now implies that 
x fixes all pieces which intersect nontrivially the initial subsegment [e, u] of 7 (or 5). That set 
of pieces is non-empty because r is non-trivial. However this contradicts the assumption that x 
is hyperbolic. □ 

Given a word W = h\ . . . hp., where hj G H for j = 1, . . . , k, we say that a path p in Cay(G, X) 
is corresponding to W if the following hold. 

(1) The path p decomposes as p = qi . . . q^. 

(2) If hj G Hi, then Lab(gj) is a shortest word in the alphabet Yi representing hj, j = 
l,...,k. 
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Lemma 6.2. There exist constants X, c, D with the following property. Let W = h\- ■ - hk be a 
word as above, where \hi\x > D. Suppose that no two consecutive letters hi,hi+i belong to the 
same Hi. Then every path p in Cay(G, X) corresponding to W is (A, c)- quasi- geodesic. 

Proof. Let L be the constant from Lemma 12.81 Assume that 

(4) D = L + 2 

(the exact value of D will be specified later.) Let p' be the path in Cay(G, X U TL) obtained from 
p by replacing every component of p with a single edge, i.e., every qj is replaced by an edge re- 
labeled by hj. Thus p' = ri . . . r^. Let us show that all components of p' are isolated. 

Indeed suppose that some components, say t% and ri +a , a > 1, of p' are connected. By the 
assumption of the lemma, a > 2. Let e be an edge in Cay(G, X U %) connecting (r»)+ to 
(rj +a )_. Consider the cycle c = r i+1 . . . rj+a-ie -1 . Without loss of generality we can assume 
that a is minimal possible and hence all components of c are isolated. The total X-length of 
all components of c is at most Ll{c) = L{a — 1) + 1 by Lemma 12.81 On the other hand, it is 
at least D(a — 1) > (L + l)(o — 1) > L(a — 1) + 1 by assumptions of our lemma and This 
contradiction implies that all components of p' are isolated. 

Let now v be a subpath of p such that all components of v have X-length at least D. We 
denote by r the number of components in v. Let w be a geodesic in Cay(G, X) connecting v+ 
to f_. Since Lab(w) is a word in X, to has no components at all. Thus all components of the 
cycle vw in Cay(G, XUT~L) are isolated. By Lemma [2.81 we have l(v) < L(l(w) +r), which yields 

(5) dist x (w_,u+) = l(w) > l(v)/L-r> (l(v)-r)/L > (D — l)l(v)/(DL). 

Now let u be an arbitrary subpath of p. Note that every component of u, except possibly 
for the first and the last ones, has X-length at least D. Removing components of length less 
than D from u if necessary, we obtain a path v which satisfies ([5]). Hence distx (u-,u+) > 
(D — l)l(u)/(DL) — 2D. □ 

Lemma 6.3. The limit lim w (£'(/i)) in Con^G, d) is a bi-infinite geodesic inside the transversal 
tree of Con" (G , d) . 

Proof. It follows from the fact that, by the definition of relatively hyperbolic groups, Con tJ (G ! , d) 
is tree-graded with respect to limits of cosets of Hi and limits of cosets of (E(fi)), % = 1,2. □ 

We say that two collections of metric spaces Q = {Qi}i<=i and 1Z = {iij}j g / are uniformly 
bi-Lipschitz equivalent if there is a family of bi-Lipschitz maps 0, : Qi — > Ri with uniformly 
bounded constants. The lemma below follows immediately from the definition of the metric in 
tree products. 

Lemma 6.4. Suppose that two collections Q = {Qi}i<=i and 1Z = {i?i}ig/ of homogeneous 
complete geodesic spaces are uniformly bi-Lipschitz equivalent. Then the tree products HQ and 
Ilr are bi-Lipschitz equivalent. 

Theorem 6.5. Let G be a group generated by a finite set X and hyperbolic relative to a collection 
of subgroups {Hi, . . . , H n }. Then for every non-principal ultrafilter oj and every scaling sequence 
d = (di), the asymptotic cone Con" (G,d) is bi-Lipschitz equivalent to the universal Q-tree, where 
Q = {Con"(Hi,d)\i = l,...,n}.E 

^Although it is true that a metric space which is bi-Lipschitz equivalent to a Q-tree is itself isometric to a 
Q'-tree with pieces from Q' bi-Lipschitz equivalent to pieces from Q, the size of Q' may not be the same as the 
size of Q, and the Q'-tree may not be universal even if the Q-tree is universal. 
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Proof. Clearly it suffices to prove the theorem for any particular finite generating set X of G. In 
what follows we assume (as above) that X contains a generating set Y% of Hi for every % = 1, . . . , n. 
In addition we assume that X also contains two hyperbolic elements <7i,<?2 £ G such that G is 
hyperbolic relative to {Hi, . . . , H n , E{g{)} as well as relative to {H\, . . . , H n , E(g{), Efa)}. 

Recall that by Definition 12.61 Con u (G,d) is isometric to a Qo-tree, where Qo = 
{Con w ((i?j, distxlffj), d) \ i = l,...,n}. Here Con a; ((ffj, distxlnj, d) is the asymptotic cone 
of Hi endowed with metric induced from G. Recall that subgroups Hi are undistorted in G. 
This is well known and follows, for example, from Lemma 16.21 applied in the case k = 1. Hence 
Con CJ ((i7j, distxltfj, d) is bi-Lipschitz equivalent to asymptotic cones Con^ (Hi, d), where Hi is 
endowed with an intrinsic word metric (e.g., with respect to Y{). Thus we only need to show 
that the Qo-tree Con w (G, d) is universal. Then applying Lemma 16.41 finishes the proof. 

Since every asymptotic cone of a group is homogeneous, geodesic, and complete, we only have 
to verify conditions (b) and (c) in Definition 15.61 Without loss of generality we can assume that 
s is represented by (1, 1, . . 

We start with (c). Since every P is homogeneous (being an asymptotic cone of Hi), the 
choice of x does not matter, and instead of (Q, x)-pieces containing s, we can consider Q-pieces 
containing s (i.e. pieces containing s that are isometric to Q). Note that for every sequence of 
numbers n = (rij) with rij = o u) (dj), the element of G(ui,d) represented by (gi)^ is hyperbolic. 
Clearly there are uncountably many pairwise distinct such elements. Hence condition (c) holds 
by Lemma |6. 11 

Now let 9 G © an equivalence class of a Qo-type. Suppose first that 9 is trivial, i.e., it is 
the equivalence class of the type (0,0). Let Q! = Qo U {lim w E(gi)}. It follows from Definition 
12.61 that we can also think of Con UJ (G, d) as a Q'-tree. Applying Lemma 16.11 to the piece E = 
lim w E(gi), we obtain a set of cardinality continuum of isometric copies {E a } a ^A of E such that 
E a U Ep = {s} whenever a ^ (3. Let C a be a connected component of Con"(G, d) \ {s} which 
intersects E a nontrivially. By definition 15.61 applied to the collection of peripheral subgroups 
{Hi, . . . , H n , E(gi)}, every E a intersects every piece of the Qo-tree Con^G, d) in at most one 
point. In particular, C a belongs to the transversal tree of the Qo-tree Con w (G, d) at s. By 
Lemma 12.31 every C a has type 0. This proves (c) for trivial 9. 

Now suppose that 9 is not trivial. We fix a representative r = (U, f) of the equivalence class 
9. Without loss of generality we can assume that U C [0, a] for some a € R + . Let us enumerate 
intervals in U in an arbitrary order, and for every m = 1,2,..., let U m be the subset of U 
consisting of the union of the first m intervals. We consider the partition of the interval [0, a] 
whose classes are intervals from U m and the intervals of the complement [0, a] \ U m . Remove 
the endpoints of all intervals of that partition. The resulting collection of open intervals will be 
denoted by V m . Clearly, U m C V m . We number intervals in V m from left to right: V^, V^ m , 
where s m = #V m . 

The map / associates to each interval ]p, q[ in U an element of 

( u ]pM jW ]pM) g D(Q(p,q)) 

for some Q(p,q) = Con 1 * 1 ((H k ( p q ), distx\H k(p q) ), d) G Qo- Since Q(p,q) is homogeneous, we can 
assume that the point of Coia^ ((H k ^ p q ^, distx\H k(p q) ), d) represented by (l) w . Suppose 

that 

w {p,q) i s 

represented by (w^ p ' 9 ^) u , where w^ p ' 9 ^ are elements of H^p^y In particular, we 

have 

(6) lim"\ W < ?> q) \x/d i = q-p. 

We represent wt''' by a shortest word Wm'^ in the generators Y k ( pq y 
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Below we say "X-length" instead of "length with respect to the generating set X" for brevity. 
For each m and each (p,q) E V m , we construct a word Z^ as follows. If (p, q) E U m , we set 
Zm = Tm Sm , where Sm is a prefix of the word Wm' 9 ^ and Tm' 9 ^ is a power of g\ such 
that 

(Zi) The X-length of the element represented by the word Zm' 9 ' = Sm is equal to 

\wt' q) \x + c ( ™ ] where \c^ q) \ = O(l) w-a.s. 
(Z2) The X-length of the element represented by Tm' 9 ^ is at least D, where D is the constant 

in Lemma 16.21 uj-a.s. 



If (p, q) U m , then Z™' 9 ' is a power of 52 such that 

(Z 3 ) The Z-length of Z& 9) is (q - p)d m + c^ ,(?) where \c$ q) \ = 0(1). 



Moreover, it is not hard to see that the (not necessarily positive) constants c^' 9 ' and words 
Tm' 9 ^ can be chosen in such a way that for some constant r > we have: 

(Z4) For every m, and every (p, g) E F m , the X-length of the element represented by Tm' 9 ^ is 
at most r. 



(Z 5 ) For every A; = 1, |V^|, E?=i c^ m) 



< r. 



Let us consider the concatenation of all words Zj% , (p,q) £ V m , counting the subintervals 
of [0, a] from V m from left to right. The set of words obtained in this way will be denoted by 
Z m . Denote by g m the path in Cay(G, X) starting at 1 and labeled by a word Z m E Z m . We 
parameterize it by length g m : [0, l m ] — > Cay(G, X). Observe that lim w (^ m /d m ) = a by pj, 
(Zi)-(Z 3 ), and (Z 5 ). 

Let us define a limit path g : [0, a] — >■ Con^(G, <i) by the rule 

g(t) = lim"g m (min{t(i m ,/ m }) 

for t E [0, a]. It is easy to see that g is indeed a path, i.e., the map is continuous. Note also 
that by Lemma 1531 applied to the collection of peripheral subgroups {-Hi, . . . , H n , E(gi), E(g2)} 
and by properties (Zi)-(Za), g m is (A, c)-quasi-geodesic for every m, where the constants A,c 
are independent of m. This implies that g is a A-bi-Lipschitz map, thus it defines an arc in 
Con w (G,d). We want to show that, in fact, g is geodesic and its type is r. 

Note that if for a simple path p is a tree-graded space, all nontrivial intersections with transver- 
sal trees and pieces are geodesic, then p is geodesic. Indeed let q be a geodesic connecting the 
endpoints of p. Let Pi,p2, ■ ■ ■ (respectively q%, q2, ■ ■ ■) be the list of all nontrivial intersections 
of p (respectively, q) with pieces or transversal trees. By part (c) of Lemma 12.11 we have pi 
has the same endpoints as qi (up to changing the enumeration). Note that l(p) = YlKPi) an d 

i 

l(cf) = Kit) as p \ (pi U P2 U . . .) has measure and similarly for q. As every pi is geodesic, 

i 

l{pi) = l{qi)- Therefore the above sums are equal, i.e. Z(p) = Z(q). This implies that p is geodesic. 

It is straightforward to verify using (Zi)-(Zs), ©, and the definition of g that if ]p, q[& U 
then the subpath g[p, q] is a geodesic inside a piece isometric to Q(p, q) and there is an isometry 
that takes this piece to Q(p, q) while taking g(p) to the point represented (1)^, and g(q) to W] Pt q\- 
Similarly if an interval ]p, q[ is a connected component of the complement [0, a] \ U, then g]p, q[ 
is a geodesic inside a transversal tree of Con^^G, d) by Lemma [6.31 In particular, it intersects all 
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pieces of Con u (G,d) trivially. Thus the only nontrivial (i.e., consisting of more than one point) 
intersections of q with pieces of Con^ {G, d) are segments g [p, q] . 

The previous two paragraphs imply that the path q is geodesic and its type is r. Hence 
Con w (G, d) \ {s} has a limit connected component of type 6. It remains to note that by Lemma 
16.11 the cardinality of the set of connected components of type 9 is continuum. □ 

Corollaries 11.41 and 11.61 follow from the theorem and Lemma 16.41 immediately. 

7. Tree-graded asymptotic cones and the Continuum Hypothesis 

We start by recalling some ideas from [15]. Although the authors of [15] only deal with metric 
spaces arising from finitely generated groups, most of the theory generalizes to the general case 
without any changes. 

Consider the first order language C (with equality) consisting of a constant symbol e and 
countably many binary predicates {R r } r £Q+ indexed by positive rational numbers. We say that 
an /^-structure A is a KSTT structure if A satisfies the following axioms. 

(Ai) Vr G Q+ Mx G A R r (x,x). 

(A 2 ) Vr G Q+ (R r (x,y) R r {y,x)). 

(A3) V r, s G Q+ such that r < s (R r (x,y) => R s (x,y)). 

(A 4 ) V r, s G Q+ (Rr(x, y) & R s (y, z) R r+S (x, z)). 

To each KSTT structure A, one can canonically associate a pointed metric space n(A) as 
follows. Let 

A b = {x G A I 3r > A \= R r (x,e)}. 

Let w be the relation on A b defined by 

X K,y & Vr > 0A\= Rr(a,b). 

It is easy to check that ~ is an equivalence relation. Let n(A) = A b / ~. We define a distance 
function on n(A) by the rule 

dist([x], [y]) = inf{r | A (= R r (x,y)}. 

Axioms (Ai)— (A4) guarantee that dist is well-defined (i.e., is independent of the choice of rep- 
resentatives of the equivalence classes [x] and [y]) and satisfies all properties of a metric. 

Conversely, every metric space M with a basepoint can be considered as a KSTT structure 
in a natural way. The universe of the structure is M, M \= R r (x,y) iff dist(x,y) < r, and e 
interprets as the fixed point. 

The following two lemmas are essentially contained in [15]. The proofs are straightforward 
and we leave them to the reader. By = we denote the isometry relation between metric spaces. 

Lemma 7.1. If two KSTT structures A\,Ai are isomorphic, then l-i(Ai) = /j,(A2). 

Lemma 7.2. Let S be a metric space, uj an ultrafilter, d = (di) a scaling sequence, o = (oj) 
a sequence of observation points. Then Con"(5, d, o) = /u(]^[ w Si), where Si is the metric space 
(S, J-dist) with fixed point Oj considered as a KSTT structure. 

Let M be a metric space, uj an ultrafilter, and (oj) a sequence of points Oj G M. Recall that 
the w-limit of M with respect to (oj), denoted by lim^M, Oj), is defined in the same way as 
the asymptotic cone of M but with all scaling constants equal to 1. If all Oj are the same, i.e. 
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o = Oi,i = 1,2,..., the w-limit does not depend (as a metric space without basepoint) on the 
choice of o, and we denote it by lim^ (M) . 

It is a standard fact (see [SJ Corollary 3.24]) that any w-limit of an asymptotic cone of a 
metric space is again an asymptotic cone of that space. The next lemma shows that, assum- 
ing Continuum Hypothesis, we do not get new asymptotic cones this way. (This lemma was 
presented as a remark in [10J without a proof.) 

Lemma 7.3 (Assuming CH is true). Let C = Con p (S*, (di), (o,)) be an asymptotic cone of a 
metric space S of cardinality at most continuum. Then for every ultrafilter uj, the u -limit lim^C 
is isometric to C . 

Proof. Let us denote by A the ultraproduct \\ p Si of the metric spaces Si = (S, ^-dist) with 
fixed points £ Si considered as KSTT structures. Recall that e interprets as o = {oi) p in A. 
To each x = (xi) w € Yl^ A, we associate the element x = ([xi]) w € rj w /i(^4). Observe that for 
every r £ Q + , we have 

A \= R r (x,e) ^ (jj({i <E N | A \= R r {x i ,Oi)}) = 1 ^ 



<E N | dist^x) (xi,Oi) < r}) = 1 
u({i £ N | fx(A) \= R r ([ Xi ], [oi])}) = 1 & 



This implies that the map i^i that takes A) b to (II W preserves the equivalence 

relation ~, and induces an isometry A* (11^ ^) — * A* (FT" mO^))- Furthermore, by Lemma 17.21 
/*(ITM^)) = lim ^- Hence 

(7) M m^-lim-a 

Finally we note that every ultraproduct with respect to a non-principal ultrafilter is Ni- 
saturated [7] and has cardinality 2 N °. Thus if CH holds it is saturated. Therefore LJ W j4 and 
A = Y\ p Si are both saturated (since the cardinality of A is at most continuum). By the Los 
Theorem A and L| w A are elementary equivalent. Recall that every two elementary equivalent 
saturated models having the same cardinality are isomorphic [TJ. Thus IX^-A is isomorphic to 
A. Now Lemma 17. 1 1 implies that [i (LJ^ A) = fi(A). Comparing this to (JT]) and applying Lemma 
again, we conclude that lim^C ^ fj,(A) = C. □ 

Remark 7.4. Note that even if CH holds, the natural isometric embedding C — > lim^C) is not 
surjective in general. 

The next lemma follows from |10} Proposition 3.20] and [H Theorem 3.30]. 

Lemma 7.5. Let S be a homogeneous tree-graded metric space. Then every ultralimit limbs' has 
a tree- graded structure with a non-trivial transversal tree at every point. Moreover every piece 
oflim^S is naturally isometric to lim w (Pj,Oj) for some sequence (Pi,Oi), where Pi are pieces of 
S and Oi are observation points. 

Theorem 7.6 (Assuming CH is true). Let § be an asymptotic cone of a geodesic metric space 
of cardinality at most continuum. Suppose that § is homogeneous and has cut points. Then S is 
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a universal Q-tree, where Q consists of representatives of isometry classes of maximal connected 
subspaces without cut points in S. 

Proof. Recall that every space with cut points is tree-graded with respect to maximal connected 
subsets without cut points. Hence S is a Q-tree. As every asymptotic cone is complete, we only 
have to check conditions (b) and (c) in Definition 15.61 Since we assume CH, by Lemma 17.31 S is 
isometric to Si = lirn^S. Hence it suffices to verify these conditions for Si. 

Let us start with (c). We fix some x £ Si. Without loss of generality we can assume that x 
is the w-limit of a constant sequence (o, o, . . .) for some o € S. Let Q be a piece of Si containing 
x. By Lemma [731 (Q, x) = lim^ (Qj, oi) for some pieces Qi of S and observation points Oi S Qi. 
Again without loss of generality we can assume that o« = o for all i. 

Let (fli), (hi) be sequences of elements of S such that lim^Oj = lim^&j = x and aj,6j € T Q . 
Let cti and /3{ be some isometries of S such that cti{o) = a^, /%(o) = 6j. Finally let (A,x) = 
lim tJ (ai(Qi), a{) and (B,x) = lim w (/3j((5i), Clearly (A, cc) and (B,x) are pieces isometric to 
(Q,x). Observe that if ^ {bi)^ , then A ^ B. Indeed let p = lim^pi be a point in A such 
that d(p,x) > e > 0. Then d(pi,A(Qt)) = d(pi,bi) > e w-almost surely. Hence A^B. Since 
T is nontrivial by Lemmas 17.51 and 17.31 this implies part (c) of Definition 15.61 

Arguing as in the proof of Theorem 16.51 one can show that every 9 G O is realized as the 
type of a limit connected component at some point of Si. One has to use paths in pieces of 
S (respectively, in transversal trees) instead of words in the alphabets Yi (respectively, powers 
of f\ and $2)- Finally, the same proof as for pieces, shows that there are uncountably many 
connected components of type 9 at every point. □ 

Note that even without CH the proof of Theorem 17.61 together with [HJ Corollary 3.24] still 
implies that some asymptotic cone (probably with respect to a different ultrafilter) is a universal 
Q-tree. 
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